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PROPSLLER THEORY OF PROFESSOR JOUKOl^EI AND HIS PUPILS.* 

By W. Hargoulls. 

f vlll give a aummasy of tha croxk done in Russia Ivom 1911 
to 1914 « by FrofessoT Joukowski and his pupils Sablnlne, louxlef 
and Wettohlnkine , vhloh has hitherto remained but little knovc 
In other countries. 

This suitBBary -nlll show that these men Trere the truet origina- 
tors of the theory, very wlde^read at the present time* 'nhlch 
ooablnes the theory of the 7lng element end of the sllpstreaCj 
and TThlch In :.914, they had already ooaipletely developed In a ver^- 
orlglnal form. 

The demonstrations of these authors are very Interesting bu'!; 
179 shall cozifine ourselves, owing to laok of space, to indlcatln;; 
the definitive formulas they established and to the setting fcrtl. 
of the main features of their work. 

We will adopt the symbols given by Mr. VTettchinklne in a re- 
markable treatise, "Caloul de I'He'lioe Propulsive" (Calculation 
of the Propeller) , (Bulletin de la Sooie'te' Pclyteohnique de Uoscou 
1913, No. 5), in whloh he summarized and completed the irorks of 
Joukowski, lourlsf and Sablnine. These notations are: . 

r, radius of any section of the propeller; 

R, radius of periphery; 

* Prom "LiAB'Tonautique," August, 1931. 

** A similar theory was set forth In England in 1916, by Fage and 
Collins, "Iiwestigationa of the .Magnitude of the Inflow" Velocitv 
in the Immediate vlolnity of an Airscrew," (R & M 338), whidh gave 
rise to numerous experimental researches of the N.P.L. (R & U Hcs. 
460, 475 SJQd 565). 
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Rq, xadlua of hub; 

dlameteT of propeller » SR\ 
W, forwaard speed of "propeller; 



•w, axleJL coqpcnent of the Indraft velocity In front of the 
propeller, for the radius r; 

V,, SLzlal oomponent of the velocity of the slip atreaa be- 
hind the propeller « for the rei.dlus rj 

Wi = W + w; 

Q angular rotakry speed of propeller; 

V, taoagential oonponent (in the plane of rotation) of the 
Indraft velocity in front of the propeller, for the 
radius r; 

\^ , tangential ooioponent of the velocity of the slip stream 
behind the propeller, for the radius r; 



coefficients of the resultant of the air stresses 



b, width of propeller for the radius r. 

It is easily demonstrated that the elemental lift and powar 

are 



■ = n - 2; z = n :J and = 



V 



= + r' , resiiltant velocity with radius r; 



on the propeller; 



(1) 

(a) 




dT = abKy 0 r 1 + z^' dr. 



in which 



^1= 1 - -z^ and = 1 + \xsx. 
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Sablnlna and. louxldf vere the first to oonoeive the Idea cf 
detexmlnlng the stxeeees undergone by a seotlon of the propeller 
blade, by assuming .that the veloolty along the axis of the propel- 
ler T?as equa^ to the speed of translation plus a oertaln relooity 
of Indraft J determined by the applloatlon of the theorem of the 
quantity of motion. They thus oomblne, for the first time, W. 
Froude's theory of the element of the blade* with R. E. Froude's 
theory of the ideal propeller.** 

Their -J7orke, dating from 1911 , vere expounded in a series of 
leotures on the "Banio Theories of Aeronaut los," by Professor 
Joukowski, before the IsiperlaJL Teahrloal Sohool at Uoaoow, in 
1911-1912. 

The authors oonsidered only the axial Indraft Telooities 
(tr and w^) and the propellers for vrhioh these velooltles remained 
uniform along the radius. The relation betiiTeen ir and -n^ vras fix- 
ed by assuming for the seotlon, where the veloolty is tt^ , a oosf- 

flolent of Qontraotlon equal to that of a stream running through a 

la 

hole In the bottom of a tajik vhloh/0. 56. Henoe w « 0.58 v^. 
The veloolty « «as determined by making the propeller 

thrust equal to the amount of motion Imparted to the fluid. 

* This theory is generally attributed, even in Franoe, to ISr. 
Drzewieckl, but W. Froudd first published his theories in 1878, 
fourteen yesurs before Ur. Drzewieoki, in his memoirs, "On the El- 
ementary Relation between Pltoh, Slip and Propulsive Effiolenoy" 
(Transaotlons of the Institute of Naval Ardhlteots, 1878). This 
memoirs oonfcalned the notion of the optimum angle. 
*♦ It will be evident further on, from the authors' very original ' 
method of determining the indraft veloolty, that the original work ' 
of R.BE . Froude, "On the Part Played In Proinilslon by Dlfferenoee 
of Fluid Pressure" (Transaotlons of the Institute of Naval Arohl- 
teots, 1889), as well as the subsequent works of Flnaterwalden were 
unknown to them. 
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(3) P - TT p (B?» - Ro=) TJi .t^ = IT p (Rs - V) (17 + nr) 3^ 

The alise>d of tbe blade ira.s fixed by malcing the axial oompo- 
nent of the tbxust of the aJLx on an element of the blade equal to 
the aaount of aotlon. Thus, for a two-bladed propeller, we have: 

SbEy Or Wi y 1 + Zj* dr * 8 n p Wi ^r dr; 

TThanoe 

(4) ^^S£ 



1 



Ey " X,, /l + Zi' 



The motive power Is given by the integral of forznila (S) 

R 

T « / 3b Kyflr W« y 1 + zj Xg dr. 

In nhioh = W -i- V is a oonstant determined by equation (l). 

. In pursuanoe of their work, Ssbinine and lourlef , in a oom- 
municatlon given In the above-mentioned memoir of Ifr. T7ettoLin' 
kine, to the second Russian Congress of Aeronaut ios in 1912, en- 
deavoxdd to establish the relation between the velooities 
w and by introduolng the notion of the velocity of rotation 
in front of the propeller. By oonsiderlng, as before, a propeller 

■ 

with oonstant velocity of inflow (w) and outflow (ws), they demon- 
strated that the rotation velooities v and Vg were Inversely 
proportional to the radius. 

V = JjL2!k. Vft s JIlSa 
Or • _ 

r^ being the radius of the narrowest section of the stream, cor- 
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respotidllig to the radius r in the plane of the propellez. 

They then estalbliBhed the following relation between w and 

In iRrhioh Rg is the radius of the smallest periphery of the 
streeoa. 

This relation differs but little from the one they had adopt- 
ed in their first work. The determination of the velocity ^, 
of the shape of the blade and of the potrer, was made' the sazae as 
in their first work, whibh is to say that, if we encounter here 
for the first time the notion of the velocity of rotation, this 
notion is only utilized for establishing the relation w ~ f (wg). ^ 

Mr. Wettoblnkine, in his previously dted memoir, extended 
this method to any propeller for vdiloh the velocity w- tfas not 'uni- 
form along the radius. For the equation v » f (vg) he obtained 
the following ea^ression ■ 

the relation between r and r^ being given by the equation of 
oontinuity 

r 

TTr^W + / 2nwTdr = ttil^ W + / 3 tt ts^ Tgdr- 
o * o 

The value of the velocity w^ is fixed by equation (4) ^ in 
"^hioh the author makes = 1, since he considers that the ve- 
locities of flow must be determined by assuming a perfect fluid. 



As we shall see further eJLonff,, Professor JouiAOWskl takes Tiia saritf 
point of view in his »/orkp, 

Mr. Wettohinkine oc31sd a'- mention to the faot that the theory 
of &ablnijie and lourief , as well as the generalized theory j ccn- 
taired an error, due to the aBeaa^iiioii thac the projeotlon of the 
p iiount of motion on the axis was cqml to the propeller thrust, 
7)Mle it was really equaJ. to this thrust plus the projeotion, on 
the axis, of the fozoes due to the hydrodynamlo pressures, of 
whloh, however, the authors took account in establishing equation 
(5). 

Sablnine and loiorlef had Introduced the notion of the ccz>- 
ponent of the slip stream (or Inflow) velocity in the plane of 
propeller, hut they had not oiade allowance for this velocity in 
determining the angles of attacik and the stresses undergone by 
the blades. 

Professor Joukowski, in his "Theorie tourbillonnaire de 
I'helioe" (Vortex Theory of the Propeller),* introduced the addi- 
tional velocity of rotation Inbo the calculation of the resultant 
velocities and the angles of attack. 

The author assumes (Fig. 1) that the flow of the fluid a.round 
the propeller is governed by an axial vortex located behind the 
propeller and revolving in the same direction as the latter with 
a circulation of 3X1. This vortex separates into two adjoining 

series of vortloee, such that the circulations of the velocities 

* Travaux de la section Physique des Amis des sciences naturelles , 
Uoscow, 1918, Bo.l. 



eLloiig the oontouzs of the 1310(168 sxe equal to 1. They les..'^ t'.-«. 
ends of the blades In the form of tvo hellooldal voxtioes, as 
shoim In Fig. 1.* The author denonstrates that 

V SB ^JL—Z T S 3 S JL 

grar' ^ IT IT 

and that 

nsj — 3w> 

He oonsldexs the oaee of a propeller Tvlth a oonstant circ-a?.s>- 
tlon along the blade, for vrhioh the Inflorr and outflow veloolties 
are uniform along the radius j the same as for the Sabinine-Iourlef 
propeller. He then has 

(6) , = ^ (1 . • 

an expression oonneotlng v and v. 

On the other hand, aocording to professor Joukowskl's famous 
theorem on the value of the ooeff lolent of lift in terms of the 
olroulation, 

(7) 1 « bV « ^ b / (W +w)' + (Or r-si-'^' 

The ei^resslons for thrust and pomr are obtained by oomblning 
equations (l) , (s) and (7), when ve have 

(8) dP « 3pl rX^dr, 

(9) dT = 3p 1 flrXgdr, 

and the elemental eff lolenoy is 

* 2Ar. Riabouohlnsky had previously indicated a jsimilar arrangement 
of vortices around a propeller (See Bulletin de I'Inatitut Aerody- 
namique de Koutohino, 1913, No. 4, p. 81. 



rL. - X iL - JL - 3^ 2El 

Ur. Wettohlaklne doslgnated the f Izet texm» vhioh repreeen-ts 
the output of a perfeot pzopelldr, by .ai azid the seoosd tezm, 
vhioh 8bov3 try hov nuab the flow obtained differs fTom the flow 
for a pezfeot propeller, by T)p* The produorb of these two faotore 
la the hydrodynamlo off lolenoy rig*. The third term Is the meohac- 
locl eff lolenoy tiq. Ve thus he^e 

^ ™ CTl3 lip * 1g *lin- 

Ur. Wettchlnkine oalled » the relative propeller 

eff lolenoy and drew attention to the analogy between -[r|.] and 
the efficiency of Camot's cycle of a thermic engine; between ^p 
and the indicated output of the cycle realized in the engine; and 
between T]jg and the mechanical eff lolenoy « dependent on friction 
in the engine. 

By integrating eqxiations (8) and (9) and oombining them with 
equations (6), we obtain the e^qprssslons for thrust, power* and 
efficiency in terms of 1 and of Z « ^ only. 

Mr. Wettohinkine made tables and graphics ^ioh rendered it 
possible to make rapidly the detexmlnatlon of the dharaoteristios 
of a propeller with a constant olrcalation following the oondl' 
tions imposed, either' for propellers In flight or stationary. 
(Uany of these propellers were tried out suocessfully in flight. ) 

Ur. Wottohlnklne likewise applied Professor Joukowskl's theo- 
ry to every propeller for which the circulation was not constant 
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along the zadiua. Fig. 8 shovs the dlstzlhutlon of the vortloes 
in this oaee. 

Fox these. propeiiare, jsii'l the bqu&trons zeauln the sazae, ex- 
cept No. 6, lAiloh becomes 

which Is solved by suooeealve appxoxlmatlcns. 

In 1913 and 1914 Professor Jouko^rskl published two other 
memoirs on the "Vortex Theory of the Propeller"* In whloh he dis- 
cussed the questions of auto-rotatlon, the Influence of the number 
and width of the blades on the functioning of aircraft prcr-ellers 
and propellers for wind tunnels. 

We TTlll call attention to one more work of Mr. Wettchlnklne> 
"Invariants of the Propeller,"* In which he proposes to designate 
the Invaxlants of a propeller by 



n^' • ' "W^' 



and determines the cheuracterlstlos of Professor Joukcwskl' s pro- 
peller with constant circulation, giving the maximum output for 
successive values of either . 

Lastly, In an experimental work (communication to the fourth 
Russian Oongress of Aeronautics In 1914) the same author compared 
the velocities and pressures measured before and behind a propel- 
ler held statlouai-y on the ground, with -the values calculated by 
means of Professor Joukowskl's theoory. 

* Travaux de la section Physique de la 8ooie%tf'des Amis des Sol- 
ences nature lies, Mosoou 



fhysiqu' 
, 1914. 
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Te give belottr (Fig. 3) for lll^atifatloni the results of meas- 
ur^r&ezits of the t'axed oomponents of the mean velocities, made by 
the n author on a. tw-bladed. helloopter prqpeller^ having a dle-jneter 
of 1.5 and a oonstant olroulatlon. For this prbpellex 

21 = ■■ J-'a - 0,03; 

at 640 -c : m, the oaloulated thrust and torque irere rBspeotlvely 
15. 1 kg and 1. 87 kgm, vLlle the measured values vere 13. 2 kg and 
1.75 kgm. 

In the left-Iiand diagrams, the arrows represent. In magnitude 
and direction, the velocities In a plane passing throu^ the axis 
of the propeller, while In the right-hand diagram the arrows rep- 
resent the velocities In planes perpendicular to the radii. The 
saall'olroles on the left Indicate the values of the cornponents 
parallel to the axis and the circles on the rlgfht Indicate the 
components In a plane parallel to the rotation plane of the pro- 
peller. 

The curves r^resent the oaloulated value a of 

w, Sw «• V, and vX,. It Is evident that, behind the propeller, 
the calculated velocities are In accord with the measured values. 

From this brief review we can appreciate the Inportance of . 
the work done by Professor Joukowskl and his pupils on the theory 

of the propeller, before tTie wajc, and we regret that we are not 

* It may be demonstrated by means of Prof. Joukowskl! s theory that 
the maximum thrust of a helicopter propeller, with a given diameter 
and power. Is obtained with a propeller having a oonstant dxcula- 
tlon, while the majclmuun efficiency of a pusher propeller, for given 

values of either ? , or is obtained with a propeller hav- 

ing a circulation whloh Increases toward the periphery. 



informed in regard to the researchea tbey have since bden able bo 
oarry out In oonnectlon irlth the seme problem. 

franslated by the National Achrlsory Coiimlttee for Aeronautlos. 



